GROMOV HYPERBOLIC SPACES AND THE SHARP 
ISOPERIMETRIC CONSTANT 



STEFAN WENGER 



Abstract. In this article we exhibit the largest constant in a quadratic isoperi- 
metric inequality which ensures that a geodesic metric space is Gromov hyper- 
bolic. As a particular consequence we obtain that Euclidean space is a borderline 
case for Gromov hyperbolicity in terms of the isoperimetric function. We prove 
similar results for the linear filling radius inequality. Our results strengthen and 
generalize theorems of Gromov, Papasoglu and others. 



1. Introduction 

The classical isoperimetric inequality in the Euclidean plane asserts that the 
area A enclosed by a closed curve y in satisfies 

1 9 
A < — length (yr, 
At: 

with equality if and only if y parametrizes a circle. One of the main purposes of 
the present article is to prove the sharp result below, which shows that a geodesic 
metric space cannot have a quadratic isoperimetiic inequality with constant strictly 
smaller than ^ unless it is Gromov hyperbolic (and thus already admits a (coarse) 
linear isoperimetric inequality). 

Theorem 1.1. Let X be a geodesic metric space and suppose there exists £ > 
such that every sufficiently long Lipschitz loop y in X bounds a singular Lipschitz 
disc X in X of area 

(1) Area(S) < ^— ^ length(y)^. 

At: 

Then X is Gromov hyperbolic. 

More general results will be described below and in Section [51 By definition, a 
singular Lipschitz disc in X is (the image of) a Lipschitz map (p : ^ X, where 
c E^ is the unit disc. Furthermore, Area(E) is the 'parametrized' 2-dimensional 
Hausdorff measure of X, see Section |2.2[ In particular, if ^ is one-to-one on a set 
of full measure then Area(E) = •K^(X), where "K^ is the 2-dimensional Hausdorff 
measure on X. 
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Recall that, by definition, a geodesic metric space X is 5-hyperbolic if every ge- 
odesic triangle in X is (5-slim, i.e. if each side of the triangle is contained in the 
(^-neighborhood of the union of the other two sides. The theory of (5-hyperbolic 
spaces (and groups) goes back to Gromov [20|. A geodesic metric space is there- 
fore said to be Gromov hyperbolic if it is (5-hyperbolic for some 6 > 0. It is 
well-known that Gromov hyperbolic spaces admit a (coarse) linear isoperimetric 
inequality for curves. More precisely, if X is <5-hyperbolic and if there exists C > 
such that every Lipschitz loop in X of length at most 206 bounds a singular Lip- 
schitz disc of area at most C, then X admits a linear isoperimetric inequality for 
curves, i.e. every Lipschitz loop y in X bounds a singular Lipschitz disc S with 

Area(E) < D length(y), 

where D only depends on C and 6. 

Clearly, the constant ^ appearing in ([T]) is optimal as follows from the classical 
isoperimetric inequality in E^. Theorem 11.11 is new even in the setting of Rie- 
mannian manifolds and was previously only known in the special case when X is a 
Hadamard manifold or, more generally, a CAT(0)-space (for which it was observed 
by Gromov). In the special setting of Riemannian manifolds the best constant pre- 
viously established was due to Gromov [20]. Indeed, using conformal map- 
pings Gromov proved that a 'reasonable' Riemannian manifold M is (5-hyperbolic 
provided ([T]) holds with s :- j, i.e. if every sufficiently long Lipschitz loop y in M 
bounds a singular Lipschitz disc Z in M of area 

1 7 
Area(I) < length(y)^. 

lOJT 

For the meaning of 'reasonable' see [20, p. 176]. For example, the universal cov- 
ering of a closed Riemannian manifold is 'reasonable'. See also [11], where a 
detailed account of Gromov 's proof is given. Gromov furthermore showed that 
the same conclusion holds for geodesic metric spaces provided ([T|) is satisfied with 
e € (0, 1) close enough to 1. Similar results and alternative proofs of the latter 
were later given by Olshanskii ll27l . Short fSOL Bowditch [8], Papasoglu Il28l . and 
Drufu lfT3l . We refer to lfT4l for an account of the existing results. 
In actuality. Theorem 1 1.1 1 is merely a special case of the main result of this paper. 
Theorem 15.11 which will be given in Section |5] To give a rough description of 
the main theorem let X be a geodesic metric space and y a Lipschitz loop in X. 
Given a metric space Y in which X isometrically embeds, the filling area of y in 
Y is, by definition, the least area of a singular Lipschitz chain in Y with boundary 
y. Recall that X embeds isometrically into L°°{X). It is not difficult to show, see 
Lemma [231 that the filling area of y in L°°{X) is smaller or equal to that in Y 
for any Y in which X isometrically embeds. Moreover, since L°°{X) is a Banach 
space, the filling area in L°°{X) of y is bounded above by Clength(y)^ for some 
universal constant C, and this holds even if y does not bound a chain in X (and 
thus has infinite filling area in X). Our main result then shows that for a large 
class of geodesic metric spaces (which we will call 'admissible') the conclusion 
of Theorem 11.11 holds under the weaker assumption that every sufficiently long 
Lipschitz loop y in X bounds a singular Lipschitz chain Z in L°°{X) which satisfies 
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([T]l- Note that Theorem 11.11 asked for al. in X which satisfies ([T]l- For example, 
length spaces which admit a coarse homological quadratic isoperimetric inequality 
for curves are admissible. This includes in particular Cayley graphs of finitely 
presented groups with quadratic Dehn function. 

The techniques used to prove Theorem 15.11 furthermore yield an analogous sharp 
result in terms of filling radius inequalities, see Theorem 16. II in Section [6l which 
strengthens and generalizes theorems of Gromov and Papasoglu. 



1.1. Outline of the main argument. We give a short outline of the proof of The- 
orem [TTT] which is achieved in three steps and is by contradiction. 
Stepl: In Section |3] it is shown that a geodesic metric space X as in Theorem ll.il 
possesses a thickening Xs which admits a quadratic isoperimetric inequality for 
curves. Spaces admitting such a thickening will be called admissible in the sequel, 
see Definition 13.11 

Step 2: In Section |4]it is proved that if X is not Gromov hyperbolic then there exist 
a sequence of sets Z„ c Xs and numbers r„ y oo such that (Z„, r'^dx^,) converges 
in the Gromov-Hausdorff sense to a compact metric space (Z, dz) which admits a 
Lipschitz map ip : K ^ {Z, dz) with K a compact and 'H'^{ip{K)) > 0. The 
construction of such subsets relies on the quadratic isoperimetric inequality for Xg 
and uses the theory of integral currents in metric spaces, recently developed by 
Ambrosio and Kirchheim. Roughly speaking, the Z„ are constructed as supports of 
suitable 2-dimensional integral currents which, upon rescaling, converge to some 
limit S in a suitable metric space. The assumption that X is not Gromov hyperbolic 
can be used to show that S 0. The closure theorem for integral currents shows 
that S is an integral current and is thus 'parametrized by biLipschitz pieces'. The 
desired metric space Z is simply the support of S . 

Step 3: First, we remark that, since the Hausdorff measure bounds the Holmes- 
Thompson area p'" from above, ([B holds after replacing Area(E) by the Holmes- 
Thompson area T^ht(Z). Next, let Z and (p be as in step 2. By a Rademacher 
type differentiability theorem of Kirchheim and Korevaar-Schoen it follows that 
Z receives an (1 -i- £')-biLipschitz copy (with e' > very small) of a piece of a 
2-dimensional normed space V, see Theorem 12. II This is used in Section [5] to con- 
struct a closed Lipschitz loop y in X which is (1 -i- £')-biLipschitz equivalent to the 
boundary of an isoperimetric subset ly of V, i.e. a compact convex subset of max- 
imal //'''-measure among all convex subsets with the same perimeter. View V as a 
linear subspace of Since {°° is an injective metric space, a filling S satisfying 
([T|l can then be mapped via a (1 -i- £')-Lipschitz map to a filling of dly in £°° which 
still has 'small' area. Since f^m is semi-elliptic in the class of singular Lipschitz 
discs (by a recent important result of Burago and Ivanov) and since 

/'(ly)- -i-length(ayf 
4n 

this can be shown to lead to a contradiction. 
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The change from the Hausdorff measure to the Holmes-Thompson area is made 
necessary by the fact that it is not known whether the Hausdorff measure is semi- 
elliptic, see Section [23] The only reason for using the Hausdorff measure in The- 
orem [TTT] was to make the statement easily accessible. 

1.2. Organization of the paper. As explained in step 2 of Section [TTT] the proof 
of Theorem 11.11 relies to some extent on the theory of integral currents in metric 
spaces. The same applies to Theorems 15.11 and 16.11 For reasons of consistency all 
results are therefore stated and proved in the language of currents. However, apart 
from those in SectionHl the proofs could be written also in the language of singular 
Lipschitz discs or chains (possibly with some loss in generality). 
Some definitions and facts concerning integral cuiTcnts in metric spaces are given 
in Section[2] The same section discusses the area functionals induced by the Haus- 
dorff, the Holmes-Thompson and the Gromov mass* measures. In Section [3] we 
show that length spaces which admit a (coarse) quadratic isoperimetric inequal- 
ity for long curves are admissible in the sense explained in step 1 of Section 11.11 
As mentioned above, Cayley graphs of finitely presented groups with quadratic 
Dehn function are admissible. The principal result of Section |4l described in step 
2 of Section [TTT] is the only place where results from the theory of metric integral 
currents enter in a non-trivial way. The proof of the main result of this article. 
Theorem 15.11 only relies on the results of Sections [4] and [5] and not on Section [3] 
In Section[5]it is furthermore shown how Theorem 11.11 follows from the main the- 
orem. Finally, a sharp result involving the filling radius inequality is given in The- 
orem [6TT] 

Acknowledgments: I would like to thank Juan-Carlos Alvarez Paiva, Mario Bonk, 
Cornelia Druju, Misha Gromov and Bruce Kleiner for discussions and comments. 
Parts of this paper were written during a research visit to the ETH Zurich in 2006. 
I would like to thank the Forschungsinstitut fiir Mathematik for its hospitality. 

2. Preliminaries 

This section provides definitions and some basic facts concerning L°°-spaces, in- 
jective metric spaces, metric derivatives and integral currents in metric spaces. The 
only new result here is Lemma l2T2i For background on Gromov hyperbolic spaces 
we refer to 1201, IH, El, El. 

2.1. L'^-spaces, isometric embeddings, and Lipschitz extensions. Given a set 
Q. denote by L°°(Q) the space of bounded R- valued functions on Q. endowed with 
the supremum norm 

ll/IU :=sup|/(a)|. 

aeSl 

We abbreviate C := ■^^"(U, ■■-,«)) and r L~(N). As is well-known, if (Z, d) 
is a metric space and zo ^ Z is fixed, then the map (pz '■ Z ^ L°°{Z) given by 
ip{z) '■= d{z,-) - d{zo,-) defines an isometric embedding, called the Kuratowski 
embedding. If Z is separable, then there is an isometric embedding into If Z 
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is a separable Banach space, the isometry may be chosen to be Unear, as follows 
from the Hahn-Banach theorem. 

A metric space X is called injective if for every triple (Z, Y, /), where Z is a metric 
space, Y a subset of Z, and / : Y ^ X a. 1-Lipschitz map, there exists an extension 
/ : Z ^ X of / which is 1-Lipschitz. It can be shown (see e.g. [5, p. 12-13]) 
that L°°(Q) is an injective space for all sets Q. In ||2T1 Isbell furthermore showed 
that for each metric space X there exists a 'minimal' injective space containing 
X. This space is called the injective envelope of X and we refer to [21J for its 
construction and useful properties. Injective envelopes will be used in the proof of 
Proposition 13.31 

2.2. Lipschitz maps and metric derivatives. The proof of our main result relies 
in a crucial way on the following metric differentiability property of Lipschitz maps 
from Euclidean space into arbitrary metric spaces. Let cp : U Xhe a. Lipschitz 
map, where U c R*^ is open. The metric directional derivative of (p in direction 
V € R*^ is defined by 



if this limit exists. It was proved independently by Kirchheim (2^ and Korevaar- 
Schoen 1 25 1 that for almost every x e U the metric derivative md (fxiv) exists for 
all V € R*^ and defines a seminorm on R*^. The following theorem is a consequence 
of this metric differentiability property. 

Theorem 2.1. Let {X, d) be a metric space and (p : K ^ X Lipschitz with K (I'M} 
Borel measurable and such that 1-{^{(p{K)) > 0. Then there exists a norm \\ ■ \\ on R*^ 
with the following property: For every e > and for every finite set A c R*^ there 
exist r > and a map if/ : A ^ X such that t]/ : (A, r|| • ||) X is (1+ s)-biLipschitz. 

For the proof see Lemma 4 and Theorem 7 (area formula) of The norm || ■ || 
in Theorem 12. H is in fact given by || • || = md^j^ for a suitable x e K. 
The Jacobian of a seminorm s on R*^ is defined by 



where ojk is the volume of the unit ball in and jj^ is the Lebesgue measure. If 
^ : Z)^ — > X is Lipschitz then its parametrized Hausdorff area is 



If if is one-to-one on a subset of of full measure then, by Theorem 7 of Il24l . we 
have Area((^) = •^'^(^(D^)). 

2.3. Integral currents in metric spaces. The theory of integral currents in metric 
spaces was developed by Ambrosio and Kirchheim in [2] and provides a suitable 
notion of surfaces and area/volume in the setting of metric spaces. In the following 
we adopt the notation of 13 and refer to it for precise definitions. The definitions 



mdiipziv) :- lim 



d{(p{z + rv), (fiz)) 



r 



his) 



X*^({v € R^ : s{v) < 1))' 
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which will be needed throughout this article can also be found in Section 2.2 of 



For k > the space of ^-dimensional integral currents in a complete metric space 
X is denoted by I*:(X), the mass measure of an element T € IkiX) by ||r|| and its 
mass by M(T) := ||r||(X). If ^ > 1, the boundary of T is denoted by dT and is 
an element of li(-i(X). It will be shown in Lemma l2!2l that 1 -dimensional integral 
currents are essentially induced by Lipschitz curves. As regards 2-dimensional in- 
tegral currents, an element T € l2iX) can be thought of as a 2-dimensional oriented 
surface (with arbitrary genus and possibly with integer multiplicity) which is lo- 
cally parametrized by biLipschitz maps from and whose boundary consists of a 
union of Lipschitz curves of finite total length. Moreover, ||r|| is a particular Finsler 
area on the surface taken with multiplicity, namely Gromov's 2-dimensional mass* 
area defined in 1 19 1. Of course, in the setting of Riemannian manifolds this is sim- 
ply the Riemannian area. Singular Lipschitz discs and singular Lipschitz chains 
in X (in the sense of Gromov 1,19,1 ) induce in a natural way 2-dimensional integral 
currents. 

The following definitions and constructions are frequently used throughout this 
text. Every Borel subset A c R*^ with finite measure and finite perimeter induces 
an element of Iyt(R'^) by 



Recall that (integral) currents of dimension ^ in X are in particular functionals 
on the space of (k + l)-tuples {f,n\,... ,nu) of Lipschitz functions on X with / 
bounded. Given T € \k{X) and a Lipschitz map : X ^ Y, where Y is another 
complete metric space, the pushforward of T by ^ is defined by 



and is an element of \k{Y). It can be shown that M((/J#r) < Lip((^)*^M(r), where 
Lip((/j) is the Lipschitz constant of ip. The boundary of T e I/t(X) is 



and defines an element of Iyt-i(X). It follows directly from the definitions that 
d{(p#T) = (p#{dT). A Lipschitz curve y : [a,b] — > X gives rise to the element 
7#|[Y[a,fc]| £ Ii(X) where denotes the characteristic function. If (p is one-to- 
one then M(y#|Y[fl,^;]l) = length(y). If y is a Lipschitz loop and S e I2(X) satisfies 
dS = 7#|[Y[fl,Z)]l then y is said to bound S . A Lipschitz map tp : ^ X gives 
rise to the 2-dimensional integral current S := (/j#|y£)2|. It should be noted that in 
general Area(y?) M(5'), since M corresponds to the mass* area rather than the 
Hausdorff area, see also Section 1241 A singular Lipschitz chain c - Yj gives 
rise to the integral current ^ wJ,i^i#|[YAl- 

The following lemma will be needed in the proof of Proposition 14.11 It shows that 
integral 1 -currents without boundary are essentially countable unions of Lipschitz 
loops. 




<p#T{g,Ti,. . . ,Tk) ■- T{gOip,Ty 0(p,...,TtO(p) 



dT{f,nu---nk-\) ■= T{l,f,ni,...,nk-\) 
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Lemma 2.2. Let X be a complete metric length space, T € \\{X) with dT - and 
E > 0. There then exist at most countably many Lipschitz loops ji : [0, a;] X 
with the properties that 

(2) ^ = Xi ^'#^[o.«']ll 
and 

2]length(y,)<(l+e)M(r). 

Note that ^ implies that 

M(r) < 2] length(r,) 

by the sub-additivity of M. In Euclidean space it can be shown (see |fT5l 4.2.25]) 
that Lemnia l2!2l holds with e = 0, and it is conceivable that the same should be true 
in all complete length spaces. 

Proof. It clearly suffices to prove that for every e > there exist finitely many 
Lipschitz loops y, : [0, a,] X such that 

and 

2length(y,)<(l+£)M(r). 

In order to find such a decomposition let e' > be small enough, to be determined 
later. Using Lemma 4 and Theorem 7 of 12411 one easily shows that there exist 
finitely many (1 + £')-biLipschitz maps (pi : Ki ^ X, i - \, . . . ,n, where Ki c R 
are compact and such that n (fijiKj) -Qifi j, and 

liril (X\ U ifiiiKi)) < £'M{T), 

see also Lemma 4.1]. By McShane's extension theorem there exists a (1 + e')- 
Lipschitz extension 77,- : X ^ R of ipj^ for each i = I, . . .,n. Set O := Utpi{Ki) and 
let {zi , . . . , Zm} c Q be a finite and (5-dense set for Q., where 5 > is such that 

(3) distiwiiKi), (I! j{K j)) > ^ whenever / /. 

e' 

We set N := m + n and define a map *F : X ^ by 

:= {rii{x),...,ri„{x),d{x,zi),...,d{x,Zm)) ■ 

Note that W is (1 +£')-Lipschitz and ( 1 +e')-biLipschitz on Q.. Indeed, it is clear that 
the latter statement holds when restricted to each (pi{Ki). Moreover, for x e ifii{Ki) 
and x' € tpjiKj) with / j there exists a z e fiiKi) with d{x, z) < S and hence 

d{x, x) < d{x, z) + d{z, x) < ||»P(x') - »P(x)||oo + 26 

from which the biLipschitz property follows together with ([3]l- By ifTSl 4.2.25] 
there exist Lipschitz curves gj : [0, aj] which are parametrized by arc-length. 
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one-to-one on (0, aj), with gj{0) = gjiaj) and satisfy *P#r = £>y#lY[0,fl,]I and 

CO CO 

M(»P#r) = 2 M(£)y#lY[o,«,]I) = 2] CI J. 

Choose M e N sufficiently large such that 7? := Yj'jLM+i Qj#l^[o,aj]i satisfies 

M{R) < e'M(r). 

Since X is a length space there exists a (l-i-2£')-Lipschitz extension yj : [0, aj] X 
of (*^^ln)"' o iQj\(}-^(T{(i))) with y/ay) = yyCO) for each j = 1, . . . , M. We now have 

M 



r- 



from which it easily follows that 

M 

2]r7#k[o,«,]I 

7=1 

M 



and 



;=i 

M M 



7=1 7=1 

This leads to 

M 

M(r - 2 r;#k[o,«,]I) < [5 + 8£' + 3e'2]£'M(r). 

7=1 

Finally, we estimate 

M M 

2 length(yy) < (1 -H 2s') ^ ay < (1 -H 2e')MC¥#T) < {I + 2e')(l e')M(r). 

7=1 7=1 

This proves the claim at the beginning of the proof given that £' > was chosen 
small enough. □ 

2.4. Area functionals and the isoperimetrix. In normed spaces various defini- 
tions of area and volume have been studied, see e.g. the survey UJ. These defini- 
tions can be used to define area and volume functionals also for integral currents, 
as is explained in Section 13 of [2]. It turns out that our results hold for various 
definitions of area. The facts below will be needed in the proofs of Theorem 11.11 
and of the results in Section [S] 

Fix a definition of area //, see HI for this terminology. Thus, ju assigns to every 
2-dimensional normed space V a Haar measure juy on V (in particular, fiy = cy'K^, 
where cy varies continuously with V and cy = 1 if V = E^). We denote by //^ the 
Hausdorff, by /j.^' the Holmes-Thompson, and by yu™* the Gromov mass* definition 
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of area. Let ly be an isoperimetric subset of V, that is a compact convex subset of 
V with non-empty interior which has maximal //y-area among all subsets with the 
same perimeter. It can be shown that if jU is one of the three area definitions above 
then 

/i(Iy) > -i- length(ffly)2, 
4n 

see e.g. H] p. 33]. In fact, if yu = then we always have equality. On the other 
hand, if fi = //'"* then equality holds if and only if V is the Euclidean plane. It can 
furthermore be shown (see Theorem 3.13 of UJ) that //y < yu^ and fiy < yu™* for 
all (2-dimensional) normed spaces V. 

For the following we refer to Section 13 of [2]. Denote by the area functional 
for integral currents induced by ju. For example, f^m. is simply the mass M. Fur- 
thermore, if ^ : ^ X is Lipschitz then ff^biipi^lYD^i) - Area(^(D^)). It should 
be noted that the area functionals associated to yu^, yu''^ and yu'"* all agree up to a 
universal constant (by John's theorem). In the proof of Theorem 15. II we will need 
the following (well-known and easy to prove) semi-ellipticity property of M: Let 
W be a normed space, V (Z W a. 2-dimensional affine subspace and C cz V a. com- 
pact convex set. Then yu"'*(C) < M{S) for every S € I2(W) whose boundary is 
induced by a Lipschitz loop which parametrizes dC. See 1 1 , Theorem 4.28] for a 
much stronger statement. In the recent major advance [10] it has been shown that 
H^'{C) < f^^ht^L) for all singular Lipschitz discs with boundary dC. It is not known 
whether the same holds if Z is replaced by a singular Lipschitz chain. Furthermore, 
it is a long-standing open question going back to Busemann whether an analogous 
statement holds for yu^. 

We end this section with the following simple but crucial fact. 

Lemma 2.3. Let X and Y be metric spaces and suppose X isometrically embeds 
in Y. Let ^be a definition of volume, k > 1, and T e I/t(X) with dT = 0. Then for 
every S e I/t+K^) with dS = T there exists S' e I/t+i(L'"(X)) with dS' = T and 
such that 

rf,(s')<r^{S). 

This follows indeed directly from the Lipschitz extension property of L°°{X) and 
the fact that Tn{(p#S) < T^iS) if (p is 1-Lipschitz. 

3. Isoperimetric inequalities of thickenings 

Let X and X' be metric spaces. X' is called a thickening of X if there exists an 
isometric embedding tp : X ^ X' such that (p{X) is in finite HausdorfF distance of 
X' . A complete metric space Y is said to admit a quadratic isoperimetric inequality 
for curves if there exists C > such that every Lipschitz loop y in F bounds an 
S € I2(F) with 

M(5) < Clength(y)^ 

In contrast, Y is said to admit a quadratic isoperimetric inequality for sufficiently 
long curves if the above holds for all y with length(7) > for some > 0. 
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Definition 3.1. A metric space X is called admissible if there exists a complete met- 
ric space Xs which is a thickening ofX and which admits a quadratic isoperimetric 
inequality for curves. 

In the main result of this section, Proposition 13.31 we will show that metric length 
spaces with a coarse quadratic isoperimetric inequality or a quadratic isoperimetric 
inequality for sufficiently long curves are admissible. As mentioned in the intro- 
duction the latter will be needed in the proof of Theorem ll.il 
The following notion of coarse homological fillings of Lipschitz loops in length 
spaces generalizes that of coarse fillings by discs given in [9, III.H.2]. Let X be a 
length space, 6,a> Q and y : [0, a] — > X a Lipschitz loop. A 5-coarse homological 
filling of y is a triple {K, c,ii) with the following properties: 

(i) is a 2-dimensional simplicial complex such that every attaching map of 
a 2-cell is a 3-gon; 

(ii) c is a simplicial integral 2-chain in K, that is a function on the 2-cells with 
values in Z; 

(iii) : A' ^ X is a (possibly discontinuous) map such that 

(a) diam(yu(g)) < 5 for each 2-cell e (Z K; 

(b) there exists a combinatorial map g : [0, a] K^^^ such that y = juo g 
and such that the 1 -cycle induced by g is dc. Here, [0, a] is endowed 
with a combinatorial structure of the form 

[0,a] = [sq, 5i] U • • • U [s„^i, s„] 

for some = sq < ■ ■ ■ < Sn = a. 

For the definition of simplicial 2-complexes we refer to 121 L8A.4]. We mention 
here that every simplex of dimension 1 or 2 in A' inherits an orientation coming 
from its attaching map. It is clear that every 5-coarse filling as defined in [9, III.H.2] 
induces a (5-coarse homological filling. In |[T6]| Gersten introduced a homological 
notion of fillings in the context of simplicial complexes and groups. His approach 
uses surface diagrams the foundation of which were laid in the book [26|. In the 
sequel a 5-coarse homological filling will simply be called a 5-filling. If K is 
homeomorphic to a disc then the filling will be called a 5-coarse disc filling. The 
5-area of the triple (K, c, p) is by definition 

hxe?is{K,c,p) := ^ \c{e)\ 

e 2-cell in K 

and the 5-filling area of y is given by 

FiU Area^Cy) inf {Area5(A', c,p) : (K, c,p) J-filling of y) . 
A function / for which 

FillAreaa(y) < /(length(y)) 

for every Lipschitz loop y : [0, a] ^ X is called a (5-coarse homological isoperi- 
metric bound for X. 
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It is not difficult to establish the following quasi-isometry invariance of coarse ho- 
mological isoperimetric bounds. The proposition will not be used anywhere in the 
text and its proof is omitted. 

Proposition 3.2. Let X and Y be quasi-isometric length spaces and suppose X has 
a 6-coarse homological isoperimetric bound f for some 5 > 0. Then there exists 
S' > such that Y has a 6' -coarse homological isoperimetric bound g satisfying 



Here, g < f means that there exists K > such that g{s) < Kf{Ks -\- K) -\- Ks K 
for all s > 0. The proof of an analogous statement for (5-coarse disc fillings can be 
found in [9". III.H.2.2]. 

The following is the main result of this section. 

Proposition 3.3. Let X be a length space. IfX admits a coarse homological qua- 
dratic isoperimetric inequality then X is admissible in the sense of Definition \3.1\ 
Similarly, if X admits a quadratic isoperimetric inequality for sufficiently long 
curves then X is admissible. 

As an immediate consequence we obtain that Cayley graphs of finitely presented 
groups with at most quadratic Dehn function as well as metric spaces satisfying 
the hypotheses of Theorem 1 1 . 1 1 are admissible. Of course, geodesic Gromov hyper- 
bohc spaces are all admissible, they have geodesic thickenings even with a linear 
isoperimetric inequality for curves. 

Proof. Denote by X the completion of X. Let Z c X be a maximally 5-separated 
subset. For z e Z denote by X^ the injective envelope of := ^S),dB{z,&S))^ 
where dB(zfiS) is the length metric on the ball B{z, 85) c X. Denote the metric on 
X^ by d^. First of all, it is clear that is closed in X^. Furthermore, one can easily 
show that diam X < 645. Now set 



where ;c ~ ;c' if and only if x e By c X^ and x' € By' c Xf for some z.,z' £ Z and 
X - x' . Define a metric on X^ as follows. For x € X and x' e Xf set 

Q,y;{x, x') := inf {d,ix,y) + dx(y,y') + d,;{y', x') : y e B,,/ e B^^] 



It is straight-forward to check that dg defines a complete metric on Xg and that 
{Xg, dg) is a length space which isometrically contains X as a closed subset. More- 
over, Xg is a thickening of X. 

Let now a > and set :- min{a, 1}. Let y : [0, a] ^ be a Lipschitz loop 
and assume 7([0, a\) is not entirely contained in a single X^ and that y(0) e X. We 
construct a Lipschitz map ip : Q ^ Xg, where Q := [0, a] X [0, b^, with the property 



g<f- 



and 
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that 



(p{s,t) = 



I 



7(0) 



s € [0, a} 
t = b 



for some 2 Lip(7)-Lipschitz loop if/ : [0,a] ^ X of length at most 21ength(7). For 
this set U := y'^iX^XX). We may assume without loss of generality that U For 
each u e U \et t„ and y„ be the smallest and largest value, respectively, such that 
Uu '•- {tu^ Vu) U and ue Uu- Note that for u,u' e U we either have {/„ = Uu' or 
Uu n Uu' - 0. Therefore, there exist countably many uj e U such that U - LiUuj. 
For each j e N let zj e Z be such that y(uj) e X, .. By construction there exist 
Lipschitz curves yj : [T„^,y„^] B^. parametrized proportionally to arc-length 
and such that 7/T„p = 7(t„^) and yjivu^) = y{vuj) and length(7j) < 21ength(7|j/.). 
Define i// : [0,a] — > Xby setting (^(j) := yj(s) if j e Uuj and il/(s) :- y(s) otherwise 
and note that i/^ is a Lipschitz loop with Lipschitz constant at most 2 Lip(7) and of 
length at most 21ength(7). Set (p{s, 0) :- y{s) and (p{s, b) :- if/{s) for all s e [0,a]. 
Furthermore, define ^(t„^, f) := y{Tuj) and (p(vuj,t) := yivuj) for all j and all t e 
[0, b]. Now, it is clear from the injectivity of every X^ that (p can be extended to 
a Lipschitz map (p : Q ^ Xs with Lipschitz constant at most Ci Lip(7) for some 
Ci depending only on (5. Using again the injectivity of the X^ and the fact that Z 
is 2(5-dense in X it can easily be seen that i// can in fact be constructed so that its 
image is in X instead in X. 

In the following, C2,C3, and C4 will denote constants only depending on 6. Let 
7 : [0, a] ^ be a Lipschitz loop and let T be the integral current induced by 
7, that is r := 7#|I;f[o,a]I- We may assume that 7 is parametrized by arc-length, 
thus a = length(7). If 7([0, a]) is contained in a single X, then there exists an C2- 
Lipschitz map (p : Q ^ X^ with pis, 0) - y{s) and with p{s, t) - 7(0) if 5 e {0, a) or 
t - b. Consequently, S := (p#lxQj satisfies S e hiXs), dS - T and M(5') < Cjab. 
On the other hand, if 7([0, a]) is not contained in a single X^ then we may assume 
that 7(0) e X after a possible change of parametrization. By the above there then 
exists a Ci -Lipschitz map (p : Q ^ Xg with (p{s,0) = y{s) and (p{s,b) = ij/is) for 
all s e [0,a], where : [0,a] X is a 2-Lipschitz loop of length at most 2a, 
and p(s, t) - 7(0) if 5' e {0, a]. Let {K, c,/i) be a 2(5-coarse filling of i/' in Z with 
Area,5(^r, c, //) < 4Ca^. Let furthermore q : [0, a] K^^^ be as in the definition 
of the coarse filUng. Construct a map Ji : K ^ X^ d& follows. Set Ji{z) := /i(z) 
whenever z e X'^'^^ and, in a first step, extend /7 to A"*^^^ in such a way that is a 
Lipschitz curve in X parametrized proportional to arc-length joining its endpoints 
and of length at most | diam(ju(5e)) < 3(5, for each 1-cell e c K^^\ Hereby, each 
e is to be induced with the Euclidean metric. Since for every closed 2-cell e a K 
we have diam(/7(5e)) < 65 and since Z is 2(5-dense in X we obtain that 77(5e) is 
contained in B{z, 85) for some z e Z. Furthermore, Ji7|,9g : de ^ is C3(5-Lipschitz 
and hence can be extended to a C3(5-Lipschitz map ]l\e '. e ^ X^. This yields the 
desired map /7. We can moreover construct a C4-Lipschitz map i// : Q ^ Xg with 
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the property that 

( : t = 

ilf(s, t) - I l^o g{s) : t = b 

[ (//{si) : s ^ Si. 

Here, g : [0, a] K^^^ is a reparametrization of g such that ^|[i„i,+i] is a constant- 
speed parametrization of the 1-cell g{[si, si+i]) for all /. As for this construction it 
is enough to note that we have i/^isi) = Jlo g{si) for all / = 0, . . . , « and that 

diam(i/r([5;, U/7(^([s,-, < 56. 

The existence of ij/ now follows from the same arguments as above. 
Finally, we can define a suitable filling of T by setting 

Indeed, we have S € 12(^5) and 

dS = (p#{dlxQi) + iA#k[0,«]l - (/I ° ^#|¥[0,fl]I + 7^#(5c) ^ T 

as well as 

M{S) < Up{(fifab + Lipi^f at + AC'cld^a^ 

for a constant C only depending on C. This completes the proof of the first state- 
ment. The second statement uses the same constructions above. □ 

4. Asymptotic subsets and Gromov hyperbolicity 

A metric space (Z, dz) is said to be an asymptotic subset of another metric space 
(X, dx) if there exist a sequence of subsets Z„ c X and r„ y ex? such that (Z„, r'^dx) 
converges in the Gromov-Hausdorff sense to (Z, dz). 

The proposition below, the main result of this section, plays a crucial role in the 
proof of our main theorem. 

Proposition 4.1. Let X be an admissible geodesic metric space and suppose that 
'H^{(p{K)) = whenever (fi : K ^ (Z, dz) is a Lipschitz map with K compact 
and (Z, dz) an asymptotic subset ofX. Then X is Gromov hyperbolic. 

It should be noted that asymptotic subsets can be replaced by asymptotic cones in 
the above statement. For the proof we will need the following construction. Given 
a geodesic metric space and A> define a function by 

(4) //,(r)-sup r {foy){s){7:oy)'{s)ds, 

f,n,y Jo 

where the supremum is taken over all /Ir-Lipschitz curves y : [0,1] ^ X with 
7(1) = -y(O) and /lr~^ -Lipschitz functions /, tt : X ^ R. Note that the integral in 
(|4]) corresponds exactly to T{f,n), where T is the integral current given by T 
-y#|Y[0,i]|, and T(f,n) remains unchanged when /, tt are replaced by / -1- ci and 
n + C2 for constants ci,C2. The definitions of dS and ||5||, see (2.2) of [2J for the 
latter, furthermore yield 

\T(f,n)\ = \S{\,f,n)\ < Lip(/)Lip(;r)M(S) 
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whenever S e 12{L°°{X)) satisfies dS = T and tlius 



(5) 



I (/ ° 7)(s)(:rr o y)\s)ds 
Jo 



^2 



< — Fill Areatoo(;(-)(y), 



where Fill AreaL»(x)(y) is the least mass of an 5" e \2{U°{X)) with dS ' - y#|;t'[0,i]l- 
In particular, we obtain that Hx{f) < by the cone inequality [2 , Proposition 10.2]. 
The function Hx in some sense measures how 'collapsed' closed curves in X are. 

Lemma 4.2. A geodesic metric space X is Gromov hyperbolic if and only if 
(6) hm Hx{r) = for every X>Q. 

Proof. We first prove by contradiction that (O implies Gromov hyperbolicity. As- 
sume therefore that X is not Gromov hyperbolic. By the main theorem of [7 1 there 
exists C e (0, oo), a sequence r„ y oo and curves a„ : [0, 1] X of length 
bounded above by Cr„ with the following property: For every « e N there exists a 
geodesic segment yS„ : [0, 1] ^ X from a„(0) to a„{\) such that 

Im(a„) n B{zn, r„) = 

for some z„ e Im(jS„). Let 7„ : [0, 1] ^ X be the concatenation of yS„ and a„, 
parametrized proportional to arc-length. Define 

fn{x) := maxlO, 1 - 2r,;i dist(x, lm(/3„) n B(z„, r„/2))} 

and 

7r„(x) :^ r,;'(i(x,z;,), 

where z'„ € Im(jS„) lies between yS„(0) and z„ at distance r„/2 from z„. It follows 
that 

-1 

(/« o yn){s){7rn o yn)'{s)ds > 1. 

This concludes the proof of this direction. Now suppose X is Gromov hyperbolic 
and let A > 0. Fix r > and let y : [0, 1] — > X be a closed /Ir-Lipschitz curve. 
It is not difficult to see that there exists S e l2(L°°(X)) such that dS = y#|lA'[0,i]I 
and M{S) < CAr for some constant C which does not depend on r and A. By the 
definition of ||S || we then have 

I r (/ o y){s){n o y)'{s)ds = |5(l,/,7r)| < Lip(/)Lip(;r)M(5) < CA^'' 
Jo 



Jo 



for all /lr~'-Lipschitz functions /, tt : X ^ R. This completes the proof. 

We are ready for the proof of the main proposition of this section. 

Proof of Proposition 14. 1 1 Assume X is not Gromov hyperbolic. By Lemma 
there exist A,d e (0, oo), a sequence r„ y oo and /lr„-Lipschitz maps y„ : [0, 1] 
X with y„(l) = yn(0) and such that the cycles r„ e Ii(X) defined by r„ := 
yn#k[0,i]I satisfy 

Tnifn, ^n) ^ 5 for cvcry « € N 
for suitable /}r,7'-Lipschitz functions /„,7r„ : X ^ R with /„(y„(0)) - 7r„(y„(0)) - 
0. Let X^ be a thickening of X which admits a quadratic isoperimetric inequality 
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for curves. By Lemma l2!2l also admits a quadratic isoperimetric inequality for 
\\{Xs). It then follows from |[32l Lemma 3.4] that there exists Sn e ^liXg) with 

fi — T,j, 

M{Sn) < CM{Tnf < CA^rl, 

and such that the sequence of metric spaces {?,ptS n,r^^dxs) is equi-compact and 
equi-bounded. In the above inequality, C denotes the constant of the quadratic 
isoperimetric inequality for IiCX^). Each of the following statements holds up 
to a subsequence. By Gromov's compactness theorem there exists a compact 
metric space (F, (iy) and isometric embeddings ipn : (Z„,r~^dxs) where 
Z„ := spt5„ U yni[0, 1]). Furthermore, the compactness and closure theorem for 
currents [2, Theorems 5.2 and 8.5] imply that ifrn#S n converges weakly to some 
S € l2iY). Finally, if/„{sptS „) converges to a compact subset Z c F with respect 
to the Hausdorff distance. Note that {Z,dY) is an asymptotic set of X and that 
furthermore spt S a Z. We now show that S 0. Indeed, we can use McShane's 
extension theorem to first extend /„, 7r„ to Xs and then to construct /l-Lipschitz func- 
tions fn,^n '■ F — > R for which fn ° = fn and ff„ o - n„. By Arzela-Ascoli 
theorem the fn and 7f„ converge uniformly to /i-Lipschitz functions f,n: F ^ R. 
Integration by parts finally yields 

Tnif oip„,noip„) 

= T„{fn,n„) - Tniin - Jt„) o o + Tniif - o TT o |/^„) 

> 6 - A^Wn - TTnWoo - A^Wf - Moo 
and consequently 

55(/,7f) - lim((A„#r„)(/>) > 5 > 0. 

(1— >oo 

This shows that S 0. Consequently, by Theorem 4.5 of [2], there exists a biLip- 
schitz map (p : K <zM? ^ Z with £}{K) > 0. This yields a contradiction with the 
hypothesis and therefore concludes the proof. □ 

5. Statement and proof of the main theorem 
The following is the main theorem of this article. 

Theorem 5.1. Let X be an admissible geodesic metric space and suppose there 
exist e > and > such that every Lipschitz loop y in X with length(y) > 
bounds an S € I2(L°°(X)) with 

(7) M(5)< -^length(r)2. 

Then X is Gromov hyperbolic and, in particular, has a thickening which admits a 
linear isoperimetric inequality for curves. 

For the definition of 'admissible' and conditions which imply admissibility see 
Section[3l Recall furthermore Lemma [23] which asserts that for every metric space 
F isometrically containing X and for every 5" e 12(F) with boundary y there is an 
S € I2(L~(X)) with boundary y and such that M(5) < M{S'). In this sense, the 
existence of 5 e l2(L°°(X)) for which ^ holds is the weakest condition we can 



16 



STEFAN WENGER 



ask. Note also that the theorem applies in particular to spaces in which loops in 
general do not bound chains (such as Cayley graphs of groups). 

Remark 5.2. Statements analogous to that in Theorem 15.11 hold when mass M 
in ([7]) is replaced by the parametrized Hausdorff or the Holmes-Thompson area, 
provided one works in the class of singular Lipschitz discs in L°°{X) instead of 
integral currents. See the note after the proof. 

Proof of Theorem |5J1 The proof is by contradiction and we therefore assume that 
X is not Gromov hyperbolic. By Proposition 14. 1 1 there exists a Lipschitz map (p : 
K — > (Z, dz) with ^ c compact and (Z, dz) an asymptotic subset of X for which 
n-(\Lp{K)) > 0. Let II • II be a norm on as in Theorem O and set V := (R^, || . ||). 
By approximation we may assume that the unit ball of V is the convex hull of 
finitely many points. Let c V be an isoperimetric subset of V as in Section [Z41 
set a := length(5Iy) and let y : [0, a] dly be a parametrization by arc-length. 
Choose M e N large enough (as below) and define 

A:= {r(0):7-0,l,...,2^), 

where tj := 2~^aj. By the conclusion of Theorem 12.11 and the definition of 
Gromov-Hausdorff limit there exists an > YOsq arbitrary large and a (1 -i- 5)- 
biLipschitz map i/' : (A, || • ||) {X, -j^d). Here, we choose 6 > sufficiently small 

(see below). Let X' denote the metric space (X, j-d) and note that by hypothesis, 
for every Lipschitz loop c : [0, 1] ^ X' satisfying length(c) > j- there exists 
S € I2(L~(X')) with dS - c#Iy[0,1]I and 

(8) M{S) < ^--^ length (c)^ 

Let now c : [0, c?] ^ X' be a (1 -i- 5)-Lipschitz loop satisfying 

c{tj) = il,{y{tj)) for all 7 e {0,1,..., 2^^} 

and let T e Ii(X') be given by T :- c#lx[Q,a]l- Observe that 

M{T) < length(c) < {\ + 6)a. 

Since the unit ball of V is the convex hull of finitely many points it follows from 
||3n Lemma 9. 19] that there exists an « € N and a linear isometric embedding 
Q : V €^ . Since €^ is an injective metric space, g o i/^^^ can be extended to a 
(1 -i-(5)-Lipschitz map rj : L°°(X') ^ It is clear that for each j ^ 0, 1, . . . , 2^ - 1 
there exists an Rj € l2(^)f ) satisfying 

dRj = {r]o c)#lY[o,r;+i]l - ° y)#k[tjjju]l 

and 

M{Rj) <c[2^-^{l+dfaf , 

nM _ 1 

where C denotes the isoperimetric constant for Ii(^^). Set R :- Tjj=o Rj and let 
S € I2(L~(X')) be such that dS ^ T and M{S) < C'M{Tf < C length(c)2. Here, 
C is the isoperimetric constant for Ii(L°°(X')). Since d{ri#S - R) - (g o y)#k[o,a]l 
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and since M is semi-elliptic in the class of integral currents (see Section 12.41) it 
follows that 

H'"*{lv) < M{t]#S -R)<{\+ 6fM(S) + M{R). 

Since 

length(c)2 < (1 + dfa^ = (I + df length(5Iy)2 < 47r(l + 6fii'"*(lv) 
this yields 

(9) length(c)^ < 4;r(l + 6fM{S) + 4nC{\ + dfl^-'^a^. 
Note that we also have 

length(c) > VM(5) > — 

Vc' ^1 

if s\ was chosen sufficiently large (only depending on M and 5). From Q we 
conclude that 

1 - e/2 o 
M(5) > length(c)^ 
An 

if 5 is chosen small enough and M large enough. Since this holds for all S with 
dS = T this leads to a contradiction with ([8]) and concludes the proof. □ 

By the facts stated in Section [2!4l the above proof clearly works when mass M is 
replaced by ?^;,f, provided one works in the class of singular Lipschitz discs. Fur- 
thermore, since f^iu < Area, the statement holds in particular for the parametrized 
Hausdorff area. 

The following is a direct consequence of Theorem 15. II and gives a version of The- 
orem ll.ll with the Hausdorff measure replaced by the mass*-area. 

Corollary 5.3. Let X be a geodesic metric space and suppose there exists e > 
such that every sufficiently long Lipschitz loop y in X bounds an S e 12{X) with 

(10) M{S) < i--^ length(7)2. 

An 

Then X is Gromov hyperbolic. 

Note that we need not assume that S is of disc type. Next we give the proof of 
Theorem ll.il 

Proof of Theorem 177/1 By Proposition 13.31 X is admissible. Now, the theorem fol- 
lows directly from Theorem 15. H and Remark 15^ □ 

We end this section with the proof of the following theorem. 

Theorem 5.4. Let X be a geodesic metric space and suppose that for every v > 
there exists an sq > such that every Lipschitz loop j in X with length(y) > 
bounds an S e 12{L"'{X)) satisfying 

M{S) < vlength(y)2. 

Then X is Gromov hyperbolic. 
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It is important to note that we do not make the assumption that X be admissible. 
Presently, it is not known to what extent the condition that X be admissible can 
be relaxed in Theorem 15.11 We mention that in general it is a difficult problem to 
determine the filling area in V°{X) of loops in X, see e.g. ||3l. 

Proof. This follows directly from Lemma |4!2] to gether with the basic estimate 

□ 

6. The sharp constant for the filling radius inequality 

In this final section we determine the largest constant in a linear filling radius in- 
equality in an admissible geodesic metric space which still implies Gromov hyper- 
bolicity. 

Given metric spaces X and Y, the filling radius in F of T € \\_{X) with dT - Oh 
defined by 

FillRady(r) inf {r > : 35 € IiCF) with dS =T and spt5 c B(spt T, r)] . 

If 7 is a Lipschitz loop in X then we write Fill Rad}'(7) for the filling radius in Y of 
the integral current induced by y. The injectivity of U°{X) yields 

FillRadt»(;^)(r) < FillRady(r) < FillRadx(r), 

and in general these inequalities are strict. Indeed, if y parametrizes the unit circle 

in then FillRadg2(y) = 1 and FillRad^co(]g2)(y) = as was shown by Katz in 
1231. 

Next, let Q-Q be the largest number such that in any 2-dimensional normed space V 
there is a Lipschitz loop y : V with length(y) - 1 and 

FillRadLoo(y)(y) > ccq. 

It will be shown below that ^ < tto < | . We then have the following: 

Theorem 6.1. Let X be an admissible geodesic metric space and suppose there 
exist e > and sq> such that for every Lipschitz loop y in X with length(y) > 

FillRadi»(x)(r) < (1 - £)ao length(y). 

Then X is Gromov hyperbolic and, in particular, has a thickening which admits a 
logarithmic filling radius inequality for curves. 

The theorem is clearly optimal in the class of admissible metric spaces, as follows 
from the definition of a^. It generalizes results in |[20i . |[T3l . [29] and improves 
the best known constant ^ obtained by Papasoglu Il29l . The optimal value for the 
intrinsic filling radius inequality is conjectured to be |, see 1*291. At present we do 
not know the exact value of a^. 

Before proving the theorem we show that ^ < < ^. For this let V be a normed 
space of dimension k and recall that Jung's constant J{V) is the smallest number 
r > 1 such that every set A c V with diam A < 2 is contained in some ball of radius 
at most r. It is easy to see that 1 < 7(V) < 2. Jung [22] showed that J{V) = 1 if 
and only liV - l'^ . Bohnenblust [6J furthermore proved that J{V) < 
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Definition 6.2. If V is a 2-dimensional normed space set 

1 



ay :- 



7(y)length(5By)' 
where By denotes the unit disc in V. Set moreover :- infy ay- 
It is clear that for V = we have ory = |. The same holds for endowed with 
the norm whose unit disc is a regular hexagon. Gol^b's Theorem ifTSl asserts that 
6 < length((9By) < 8 for every 2-dimensional normed space V and it thus follows 
from Bohnenblust's estimate that 

3 _ 1 
— < an < — . 
32 8 

The estimate for ccq now follows directly from the proposition below. 

Proposition 6.3. Let V be a 2-dimensional normed space and y : [0, 1] — > V a 

Lipschitz parametrization ofdBy- Then we have 

FillRadi~(y)(7) > ay length(y) 
and consequently ao > ap. 

Proof. Denote the norm on V by || • || and abbreviate B :- By. We first prove the 
proposition in the special case in which By is the convex hull of points 

[±xu.--,±x„] c V. 

By 13T 1 Lemma 9.19] there then exists a linear isometric embedding : V ^ £'^. 
Note that FillRadL~(y)(y) = FillRad/»((^ o y) since C and L°°(y) are injective 
metric spaces. Set T :- {<f o y)#|[Y[o,i]I and assume the existence of an 5 € lii^n) 
with dS -T and such that 

(11) spt 5 c B(spt T, r) for some r < ~^y^- 

By the deformation theorem ITSi 4.29] and by the fact that T is an integral polyhe- 
dral chain (see ifTSl 4.22]) we may assume without loss of generality that S is an 
integral polyhedral chain satisfying (fTTT) and that each simplex in its support has 
diameter at most - r. We now follow the arguments in the proof of Theorem 2 
in |[23]| in order to construct a Lipschitz retraction tt : spt 5 — > 5S and to arrive at 
a contradiction. Define n on the 0-skeleton of spt S by assigning to each vertex an 
arbitrary nearest point in dB. Consequently, if A = {u\,U2, M3} is the vertex set of a 
simplex then 

2 

diam7r(A) < 

J{V) 

and hence n{A) lies in a ball of radius strictly smaller than 1 and thus in an open 
'hemisphere' of dB. Therefore n can be extended to a Lipschitz map on the 1- 
skeleton and then on all of spt S by sending the edges of simplices to the shortest 
paths on dB connecting the images of the vertices and, furthermore, 'trivially' to 
the simplex. We conclude that T = k#T = dn#S - 0, which clearly contradicts the 
definition of T . 
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As for the general case, choose A > \ sufficiently close to 1 and let {xi, . . . ,Xn} c 
dB be a finite subset such that the convex hull C of {±xi, . . ., ±Xn} satisfies 

1 

-ScCcB. 
A 

Endow M? with the norm whose unit ball is C and denote this space by W. Clearly, 
the identity map : V ^ W is /l-biLipschitz. We abbreviate T := 'X#|Y[o,1]1 and 
T' := Qf#|Y[o,i]I, where a : [0, 1] ^ W is a Lipschitz parametrization of dC with 
the same orientation as that of y, which we may assume to be counter-clockwise. 
By the special case already proved we have 

FillRadL~.^^(r') > ^— . 

Let now be 5 e \2{V°(y)) with dS = T and let r > be such that spt S c 
B(spt r, r). If Ij} : L"(V) ^ L°°iW) is a i-Lipschitz extension of (A and if i : ^ 
W denotes the identity map then 5" := i//#S - t#|[YB\cl satisfies dS' - T' and 
moreover 

spt S ' cz B{sptT',Ar + A - 1). 

We conclude that 

^— < < /lFillRadLc»(vi/)(r') < A^r + A{A - 1). 

Since A> \ was arbitrary this completes the proof. □ 

Finally, we give the proof of the above filling radius theorem. The strategy is 
analogous to that of Theorem 15. II 



Proof of Theorem Idil Assume that X is not Gromov hyperbolic and let Z, ^, V 
and II • II be as in the proof of Theorem 15. II Let y : [0, 1] V be a Lipschitz loop 
of length 1 , parametrized by arc-length, for which 

Fill RadL»(y)(y) > uq. 

Let M e N be large enough and <5 > sufficiently small (as chosen below), set 
tj := jp; and 

A-{r(0-):;-o,i,...,2'^) 

and note that there exist just as in the proof of Theorem 15. II an > lO^o arbitrary 
large and a (1 -i- (5)-bLLipschitz map 

(A : (A, II- II) ^X', 

where X' :- (X, —d). Pick a (1 -i- (5)-Lipschitz loop c : [0, 1] X' satisfying 

c(tj) = ifriyitj)) 

for j = 0, 1 , . . . , 2*^ and note that 

1 



1+26 



< length(c) <il+6) 
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if M is large enough. Let (p : V — > be a linear isometric embedding. If rj : 
L°°(X') -> ^ is a (1 + (5)-Lipschitz extension of ^ o it is clear that 

o 77 oc(0)< 2-^(1 +(5)2 

and hence there exists an /? e lii^) such that dR - (ijo c)#|[;k'[o,i]| -((fo 7)#|Iy[0,1]I 
and 

spt/?cB(^(7([0, 1])), 2-^(1 +5)2). 

If 5 e l2(L"(Z')) satisfies dS = T := culx[o,i]l and if r > is such that spt5 c 
B(sptr,r) then 5' := j]#S - R e hi^) satisfies dS' = o 7)#I;kr[o,i]I and we 
conclude 

-^ao length(c) < FillRadt-(y)(y) < (1 + S)r + 2-^(1 + 6)^. 
1 + 6 

Note furthermore that 

1 

length(c) > — — > ^. 

1 + 20 si 

Choosing 6 > sufficiently small and M e N large enough this leads to a contra- 
diction with the assumption that 

FillRadL'»(x')(c) < (1 - e)Q;o length(c). 

This concludes the proof. □ 
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